
● Behavioral accuracy is not enough: Different LoRA targets 

solve the same task, but induce different residual-stream 

geometries.

● The setting is deliberately controlled: Linear attention 

isolates the VO/QK distinction, but standard transformers may 

add softmax, MLP, and normalization effects.

● Rank-one is only the first case: Higher-rank LoRA may 

correspond to multi-direction steering, but its geometry remains 

open.

● We ask when rank-one LoRA induces steering-

like activation shifts in a controlled linear-attention 

transformer.

● Geometry reveals writing, routing, and their 

interaction.

● VO updates write; QK updates route. VO gives fixed-

direction shifts, while QK gives context-dependent 

shifts.
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● Steering. Modify activations by adding a fixed direction:

ℎ′ = ℎ + 𝛼 ℎ 𝑢

● Rank-1 LoRA. Modify weights with a rank-one update:

𝑊′ = 𝑊 + 𝑎𝑏⊤

● Alignment Task.: Shift negative-control prompts while 

preserving positive-control prompts:

𝔼 Δℎ ∣ 𝐶− = ᪄𝛼𝑢, 𝔼 Δℎ ∣ 𝐶+ ≈ 0
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Experimental Setup4

● Core Idea. Attention has two distinct pathways. VO writes

information into the residual stream, while QK routes information

across context.

● Linear Attention

𝑄 = 𝑊𝑄𝐻, 𝐾 = 𝑊𝐾𝐻, 𝑉 = 𝑊𝑉𝐻

𝐴 𝐻 = 𝑄⊤𝐾, 𝐻+ = 𝐻 +𝑊𝑂𝑉𝐴(𝐻)
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Results5

● We measure the rank-one concentration of LoRA-induced residual

shifts and their cosine alignment with 𝑢𝑚𝑒𝑎𝑛. VO updates are exactly

rank-one across widths, matching the theory, while QK updates are

less rank-concentrated.

● We measure seed-level variability in rank-one concentration and

alignment margin. VO updates are stable across seeds, with exactly

rank-one residual shifts, while QK updates show larger variability

despite reaching similar behavioral alignment.

Main Takeaways:

● Steering-like finetuning is pathway-dependent: It is structurally 

guaranteed for VO writes, not for QK routing.

● Routing can support alignment without a fixed direction: QK 

updates can solve the task while producing context-dependent 

activation shifts.

● Full attention finetuning is compositional: All-matrix updates 

combine writing and routing rather than reducing to either mechanism 

alone.

● VO Pathway

Rank-one updates to 𝑊𝑉 and 

𝑊𝑂 produce shifts in a small 

fixed subspace:

𝛿ℎ𝑖
𝑉+𝑂 ∈ span 𝑏𝑂 ,𝑊𝑂𝑏𝑉

So joint VO updates have:

rank Δ𝐻𝑉+𝑂 ≤ 2

● QK Pathway

Rank-one QK updates 

change the attention scores:

Δ𝐴(𝐻) = 𝐻⊤Δ𝑀𝐻

The shift direction depends 

on the input context:

𝛿ℎ𝑇
(𝑖)

= 𝑏⊤𝐻(𝑖)𝑒𝑇 𝑑𝐻(𝑖)

● All matrices: writing × routing interaction

When 𝑄,𝐾, 𝑉, 𝑂 are all trained, the full shift is not just VO plus QK:

Δ𝐻all = Δ𝐻VO + Δ𝐻QK + 𝑅int
Full attention finetuning combines fixed-direction writing, context-

dependent routing, and non-additive interaction terms.

● Task. Binary behavior task with topic tokens 𝑇𝑖, control tokens 

𝐶+and 𝐶−, a query token 𝑄, and paired answers 𝐴𝑖
+, 𝐴𝑖

−
.

● Pre-Training. Model learns control-dependent behavior:

𝐵𝑂𝑆, 𝑇𝑖 , 𝐶
+, 𝑄 → 𝐴𝑖

+,    [𝐵𝑂𝑆, 𝑇𝑖 , 𝐶
−, 𝑄] → 𝐴𝑖

−

● Alignment. Negative-control prompts are retargeted to the 

positive answer, while positive-control prompts are preserved:

𝐶− →𝐴𝑖
+ 𝐶+ →𝐴𝑖

+

● Model. We use a two-layer decoder-only transformer with 

single-head linear attention, no MLPs, and no normalization.

● Finetuning. We finetune rank-one updates on different subsets 

of the first-layer attention matrices: 𝑊𝑄 𝑊𝐾 𝑊𝑉 𝑊𝑂

● Steering direction. We define a mean-difference steering 

direction from first-layer activations:

𝑢𝑚𝑒𝑎𝑛 = 𝐸[ℎ𝑇
(1)

∣ 𝐶+] − 𝐸[ℎ𝑇
(1)

∣ 𝐶−]
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